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INTRODUCTION

ONSTRUCTION details for counterflow heat ex-

changers used in continuously operating dilution
refrigerators have been discussed by several authors.'—®
The main design considerations are’ that the liquid volume
be as small as possible so equilibrium can be established
rapidly when the temperature is changed, the impedance to
the flowing liquids be small, the thermal conductivity of
the exchanger between the two streams be adequate, and
the heat transfer areas be as large as possible to overcome
the effects of the Kapitza resistivity. The lowest tempera-
ture achicvable in the mixing chamber depends upon the
effectiveness of these heat exchangers.

Some analyses of these exchangers have been done in the
Past,>#%.1 byt various simplifying approximations, such as
zero0 ot infinite liquid thermal conductivities, were made so
that the differential equations governing heat transfer
could be solved analytically. However, to analyze some
types of exchangers and, in any case, to include proper
¢onductivities and heat capacities, the differential equa-
“tions must be solved numerically. To predict or optimize
exchanger performance, proper conductivities, heat ca-
Pacities, etc., must be used. :
. Two types of counterflow exchangers are commonly used
!0 dilution refrigerators. The discrete type, first used by

heatley el al., consists of blocks containing two cavities
§ee Fig. 1) into which a high surface area material is
Sintered, High conductivity copper is generally used for
both the filler and the body. The exchanger usually consists
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Numerical calculations of the behavior of dilution refrigerator heat exchangers are discussed and some results
for both discrete and continuous exchangers are presented. It is shown that thermal conductance along the stream
is negligible for a typical continuous exchanger of the coaxial tube type, but becomes a dominant feature of a
typical discrete exchanger operating below about 50 mK and degrades the performance considerably. A simple
design change can be made that reduces the conductance along the liquid and improves the performance of such
an exchanger. A simple means of determining whether conductivity is important in either continuous or discrete

of four to six of these blocks connected together with short
lengths of low conductivity tubing such that the incoming
stream passes through one cavity and the exit stream
passes through the other cavity of each block. The other
type is the continuous exchanger, in which there are no
discontinuous changes in physical parameters over the full

.

Tci Tdo
L— —0
1> Copper sponge
and body at Ty
o— - L

¥16. 1. Schematic of a copper block exchanger showing lengths L,
flow directions 73, and temperatures. The temperatures 7'ci, Teo, Tas,
and T4, are those of the concentrated inlet and outlet and dilute inlet
and outlet streams, respectively.
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length of the exchanger. An example of this type is the
coaxial tube exchanger first used in dilution refrigerators by
Ehnholm e/ al.,* which consists of a long, small diameter
Cu-Ni tube loosely fitted inside a larger Cu-Ni tube. The
incoming stream passes through the central tube while the
return stream passes through the annulus. This particular
type is gaining popularity because it is simple to construct
and has a small liquid volume. In this paper, more detailed
analyses of the discrete and continuous exchangers are
presented.

I. GENERAL CONSIDERATIONS

The two coupled differential equations describing both
types of heat exchangers can be derived from the heat
balance on a fluid control volume of length dx. The steady
state flow equation, for the fluid on each side, is

d*T;  de; dT\?
i) )
dx*  dT;\ dx

geat
conduction .
do Fi Ti 4T aT j
— | WG =0, ()
. viscous
deapqi‘gza bi heating en(tihyilpy
conduction change

where 7 is a general label that will be replaced with ¢ when
the concentrated stream is considered, or by d when the
dilute stream is considered. The Joule~Thomson cooling of
3He in the dilute stream due to an osmotic pressure drop
across the exchanger is negligible!® compared with the
viscous heating that would occur simultaneously. Using the
appropriate boundary conditions, this set of equations is
solved numerically with a digital computer to determine
the temperature profiles of the concentrated and dilute
streams, T.(x) and T4(x), respectively. A library subrou-
tine!! employing the Runge-Kutta method is used in the
program. The various parameters are x, the position in the
exchanger along the direction of flow; 4 ;, the liquid cross
sectional area perpendicular to the direction of flow; «;, the
liquid thermal conductivity; do;/dx, the heat transfer
surface area per unit length of exchanger; p; Kapitza
resistivity; 7T, the temperature of the heat exchanger
body; 73, *He molar flow rate; and, C;, the molar specific
heat of the liquid stream. The viscous heating of the moving
liquids, ¥ ;, may cause some heating at the lowest tempera-
tures® but will be considered negligible here.

Since mixer temperatures of 0.01 K or higher are being
considered here, thermal relaxation effects between *He
quasiparticles and phonons in the dilute solution are con-
sidered small and not included.? Analytic expressions are
used for p;, x;, and C; in the solution of Eq. (1).

The expression for Kapitza resistivity,

pe=[(20X107%)/T*](cm? - K/uW), (2a)

was determined from the data of Anderson ef al.,”* and is
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valid between 0.01 and 0.13 K. In most cases discussed
here, it is assumed that this dependence continues to
0.7 K. In some cases, which will be discussed further
below, the equation,

24 1.55 cm?-K
po= (—+ >>< 10*5< > (2b)
Tc4 1103 ,U.\/V

is used from 0.13< T.<0.7 K. This expression more cor-
rectly fits the data of Anderson ef al.,”® in this temperature
range.

The boundary resistance between a mnearly saturated
dilute solution and copper has been measured by Wheatley
et al3 up to 0.1 K. There is some deviation from a 7™
dependence, but for this work it is assumed that

pa=[(7X107°)/T ¢ ](cm® - K/uW) ®)

up to 0.2 K. Since there are presently no data on the com-
monly used 70/30 Cu-Ni alloys, Eqgs. (2a), (2b), and (3) are
used for the boundary impedance of this material also.

For the liquid thermal conductivity, ;, the results of
Abel ef al.'®" were fitted by

3.48 uW
Kc=<—+31.4+58.1T0)< ) (4)
T cm-K

<

An expression for the dilute side conductivity has been
determined for the case of constant *He chemical potential,
us, by interpolating the data of Abel ef al. to the appro-
priate concentrations. A significant correction® is applied
for the small pore size which occurs in a sintered copper
exchanger. The expressions determined for this conduc-
tivity are

uW
Kd=5.4><103(Td—0.045)( >; T7,>01K
cm-K
)
2.6 uW
Kd=3X105(Td3+->< ); Td<01 K.
Td cm-K

The expression for the heat capacity of the concentrated
*He, C., was taken from calculations by Radebaugh.'” The
term Cq is C,,, the heat capacity at constant osmotic pres
sure!® which is weakly dependent on the mixer temperatw®
T... For all calculations presented here, T, is small enough
that the error is small if 7', is assumed to be zero. The
dilute stream flow impedance must be small also since Cu
is an equilibrium value under zero flow conditions, i.e., 10
pressure drop in the dilute stream. Preliminary measu’®
ments® of C,, indicate agreement to better than 10%
between the calculated and experimental results for T less
than 0.2 K. Analytic expressions for Cq have been de
termined by polynomial fitting of the calculated values 0
C,, for T,,=0. The analytic expressions used for Cu al
tables of the liquid enthalpies are given in the Appendlx' |

J
1



II. DISCRETE EXCHANGERS
A. Method of Calculation

The calculation is simplified considerably if it is as-
qumed the copper body is at constant temperature. This
sssumption is generally made. An unpublished report on
some experimental work by Ehnholm and Wheatley indi-
cates that this assumption is reasonable for the heat fluxes
encountered in these heat exchangers. Equation (1) is
solved for each side of the exchanger (see Fig. 1) subject to
the condition that the net heat transferred to the heat ex-
changer body is zero.

The optimum volume ratio of the two sides of a discrete
exchanger is obtained by specifying some volume, Vs, of
pure *He liquid that is to be divided between the two sides
of the exchanger in such a way that the heat transferred is
, maximum. The liquid cross sectional areas of the heat
exchanger are expressed in terms of V; and f, the fraction
of the *He contained in the dilute side. These areas are

A.=Q1=f)Vs/L (6a)

for the concentrated side, assuming only pure *He present,
and
Ag=(fV/L)[27.58/X,+17.6+1.65X,2]/36.83 (6b)

for the dilute side. The exchanger length is L and the ex-
pression in brackets is the volume of dilute solution in
cubic centimeters per mole of 3He, where X, is the *He
concentration, and 36.83 cm? is the molar volume of pure
e.!s The optimum value of fis found by maximizing the
heat transferred in the exchanger. The ratio of dilute side to
concentrated side volume can be calculated from f and the
molar volumes.

The condition on the thermal gradient at the exchanger
tube interface is

A (de/dx) tupe =4 j(de/dx)exchangery (7)

where 4 is the tube cross section. The interconnecting
tubes between exchangers and the connecting tubes to the
still and mixer are sufficiently small so that the heat
conducted through them can be neglected. Thus, at the
exit end of the heat exchanger cavity, d7;/dx=0 by Eq.
(7) for both concentrated and dilute streams because the
dT';/dx in the tube at this end must be zero when there is no
conductance between exchangers. Within the inlet tubes,
the temperature of the concentrated or of the dilute stream
can be higher or lower, respectively, than the liquid in the
exchanger. Conductance of the liquid in the tube changes
the temperature of the stream just before it enters the
exchanger. The slopes at the inlet end are not known and
Sta}“ting the problem at this end requires an iteration to
amve at the exit end with d7;/de=0. This iteration is
avoided by starting the calculation at the exit end.

' The dilute side behavior is calculated first; hence j=d
I Eq. (1). Values for T and T, where T4, is the dilute
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F1c. 2. Total heat transfer rate @ in the discrete exchanger with
7, =400 cm™ as a function of the ratio of dilute to concentrated sur-
face areas, o4/0., for a fixed number of moles of ®He in the exchanger.
The quantity 73 is the *He circulation rate.

side outlet temperature (see Fig. 1), are assumed and the
calculation is carried from x=0 to L. Since it is desired that
the mixer temperature T',, be fixed, the calculation for the
lowest heat exchanger is iterated with respect to 1’5 until
the change in enthalpy of the incoming stream prior to
entering the exchanger is equal to the heat transferred out
of the exchanger via liquid conduction to the incoming
stream. That is, the equation,

AqardTg
Hd(TdL)_Hd(Tdi)de_<_> ; (8)

e \dx /.

is satisfied. The term Hq(T) is the dilute stream enthalpy,
T4z is the temperature of the liquid in the input end of the
heat exchanger, and T¢;=T,. For each choice of T4, a
unique value for T is calculated.

If it is assumed that the concentrated stream is 100%,
3He and there is no heat input to the mixer, then, from an
enthalpy balance on the mixer,*

Too=T4;/0.36, )

where T, is the concentrated side output temperature. The
concentrated side behavior is calculated using Eq. (1) with
j=c and Eq. (9). The final value of T’y from the dilute side
calculation is the T’y used for the concentrated side calcula-
tion. The enthalpy changes on the two sides generally wilt
not be equal, so a second iteration is done varying 74,
until these changes are equal. For each change in T4, the
dilute side must be recalculated as described above to find
the new value of T'5. The value of T; is chosen such that
the enthalpy changes of the concentrated and dilute
streams are equal.

The next exchanger up the line can now be calculated
using the T4, calculated above as the new Tg4;, using the
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I16. 3. Calculated liquid and body temperature profiles within and
near the discrete exchanger for both zero and finite liquid conductivity,
«;j. The ratio o4/0.1s the optimum, 2.1, 0, =400 cm™, and 7, =2X 1073
moles/sec.— — —x;=0;—«,;50.

T.; above as the new 7', and using an estimated value for
T's. The iterative process outlined above is repeated.

B. Results and Discussion

The results presented here are all for heat exchangers
10.0 mm long with a V3 of 1 cm?® except when otherwise
noted. These quantities are similar to those used in actual
practice. Results are shown for two examples with different
surface areas but the same values for ¢./7;. In the first
example, the surface area per cubic centimeter of liquid,
given by

co=0;/L4;,

is 400 cm?/cm?® in both sides and the flow rate is 2X107°
moles/sec. In the second case, ¢,=6000 cm—! and the flow
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rate is 3 10~* moles/sec. The first example has a flow rate
and surface area closer to typical values, although the
surface area is given a value smaller than actual areas as
there is some evidence!” to suggest the effective areas may
be smaller than the actual areas.

By solving the problem for various values of the fraction
fin Eq. (6), and plotting f vs the heat transferred between
streams, the optimum ratio of volumes on the two sides of
the exchanger can be found. Figure 2 is a plot of the heat
transferred as a function of 4/, the ratio of surface areas
for the lowest temperature with ¢, =400 cm~ and flow rate
of 2X10~% moles/sec. The ratio a4/0. is equivalent to the
ratio of volumes when the same sponge particle size and
density are used on each side. The optimum ratio occurs at
oa/o.=2.1 (f=0.15) for the lowest temperature heat ex-
changer, but the sensitivity of the transferred heat to this
ratio is low. For T.,220.1 K the maximum occurs at the
same value of f, but g4/0, is now 2.5 due to the decrcase
of 3He concentration in the dilute solution. The heat
transfer at a 7., of 0.1 K is less sensitive to ¢4/c. than is
shown by the curve of Fig. 2, for which 7', is about
0.028 K.

In Fig. 3, the behavior of the lowest temperature ex-
changer with T,,=10 mK is shown, where ¢,=400 cm™
and o4/0.=2.1, (f=0.13). Curves for T, T4, and T’ are
shown as a function of x through the body, with an
extrapolation of 7. and Ty into the outside tubes shown
also. The incoming stream temperature profiles immedi-
ately outside the exchanger are estimated using the slopes
determined from Eq. (7), along with T'¢; and T;, which are
equivalent to the outlet temperatures of the adjacent
exchangers. The conductivities of the liquids are so high
that AT, is less than 0.4 mK and AT, less than 0.7 mK
inside the exchanger. Most of the temperature change
occurs in the interconnecting tube just prior to entering the
heat exchanger for this case. The AT, of the liquids in the
exchanger are small compared to |[7;—T5|. This is true
when the conductance through the liquid is very large
compared to the conductance to the walls, i.e.,

Ajijj/LUj>>1. <10)

The heat exchanger performance is relatively independent
of x; when Eq. (10) is true. For the exchanger with the

TapLE 1. Calculated inlet and outlet temperatures and effectiveness R of the model exchanger. The first four lines of the table are data for 2
series of interconnected exchangers operating between 0.67 and 0.01 K. The last three lines are modifications of the lowest temperature exchanger-
The temperatures T.i, Teo, Tas, and T, are those of the concentrated stream inlet and outlet and the dilute stream inlet and outlet, respectively-

e

——

Total vol
Exchanger of *He T Teo Tai Tao R
No. 1 1 cm? 40.5 mK 27.78 mK 10.0 mK 16.77 mK 369

2 1 72.86 40.5 16.77 31.25 59
3 1 183.2 72.86 31.25 70.03 95
4 i 672.7 183.2 70.03 180.25 >99
1 2 48.8 27.78 10.0 20.73 58
1 (Composed of two) 2 72.86 27.78 10.0 31.25 123
1 (3 partitions) 1 51.66 27.78 10.0 22.06 65




aller surface area, the left side of Eq. (10) is about 3.4

a the concentrated side. The liquids may be considered
¥0rthermﬁl and, to avoid solving Eq. (1), a set of simul-
150 eoUS algebraic equations can be used to roughly de-
ti?mine the exchanger behavior. In Fig. 4, the results are
own for the larger surface area exchanger. The left side
of Ea. (10) is now approximately: 0.2 for the concentrated
gdeand AT ;is quite large. In this case the heat exchanger
pehavior can only be determined from solutions of Eq. (1).
The dotted curves in Fig. 3 show the behavior at the
x=0 limit for 75 =10 mK. Similar curves exist, but are not
shown, for the o =6000 cm! exchanger, and give a T'.; of
0.0625 K. The heat transferred between the streams in the
x;=0 limit is about three times as great as in the x; 720 case.
From this result it is apparent that the large liquid
conductivity can considerably degrade the exchanger
performance.
Table I shows the inlet and outlet temperatures of some
heat exchangers. The relative effectiveness, listed in the
last column, compares the performance of one of these
exchangers with a discrete exchanger capable of producing
the maximum possible change of 7', but with the same
T, This relative effectiveness, R, is defined by

R:{ (Tci_Tco)/[(Tvi)perfect_T60]}~ (11)

The temperature T', rather than T'; is held fixed in this
definition'® of R since the calculations must be done with a

60 T T
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F . .
samic' 4 Caleulated liquid and body temperature profiles for the
=3 Screte exchanger shown in Fig. 3, but with o, =6000 cm™ and
X107 moles/sec. x;0.
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Copper Discs
With Orifice And
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Sintered Copper Powder

¥16. 5. One half of a discrete exchanger with partitions for re-
ducing liquid conductance. The radial grooves prevent a high flow
impedance.

set T.,. The perfect discrete heat exchanger has an infinite
surface area; thus, 7.,=1T ¢o.

The first four lines of Table I show the results of calcula-
tions of successive heat exchangers from a mixer tempera-
ture of 10 mK up to a still temperature of 0.67 K for the
dimensions and flow rate described above. Five exchangers
of the type described above with ¢, =400 cm? are required
for a 0.7 K still temperature. A 1 cm?® volume of *He for the
highest temperature exchanger is so excessively large that
Ty, T4, and T, are nearly equal and convergence difh-
culties were encountered in the iterative parts of the
solution. The volume of *He was reduced by a factor of 4
for this exchanger to aid convergence. In practice, five
exchangers have been required.?

The relative effectiveness is high for the warmest ex-
changer shown in Table I, but decreases quite rapidly with
decreasing 7. The fifth line shows the change in R upon
doubling the size (V3=2 cm?®) of the coldest exchanger,
whereas the sixth line shows R for a system of two ex-
changers of V3=1 cm? each. The R given for this combina-
tion is relative to a single discrete exchanger. As would be
expected, it is considerably more effective to add volume
as additional exchangers rather than enlarging the existing
exchangers.

It is apparent from Fig. 3 that the performance of a heat
exchanger can be improved by reducing conductance
through the liquid. Making the exchanger long and smallin
cross section can accomplish this, but the flow impedance
would probably be too high. The effect of the liquid
conductivity in the discrete heat exchanger can be reduced
rather easily by inserting several tight fitting disks or
partitions into the chamber, dividing the sintered material
into sections as shown in Fig. 5. These disks would be about
1 mm thick and have one hole through them whose inside
diameter is the same as or slightly smaller than that of the
interconnecting tubing. These hole dimensions are such
that the liquid thermal conductance between compart-
ments is small and will be neglected for purposes of this
calculation. Figure 6 shows the calculated temperatures as
a function of xzin the exchanger in which ¢, =400 cm™!, but
now with three disks inserted. This is compared to the
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Fic. 6. The temperature profile of the exchanger of Fig. 3 with
three partitions added. The values of T4, and T; for the unparti-
tioned case are shown on the left side. The profiles for a liquid con-
ductivity «; of 0 are shown for comparison.— - —«;=0; x; #Z0.

x;=0 case shown also in Fig. 3. The heat transfer is over
twice that of the undivided exchanger. The relative
effectiveness, given in the last line of Table I, is nearly
doubled by three dividers. An exchanger of this type can
give the same performance as an unpartitioned exchanger
of a much larger size. Thus all discrete exchangers should
be made with the partitions unless they already behave
nearly like the x;=0 case. This modification can be made
without adding any external joints to the dilution system,
which avoids additional leak possibilities. Forming four
sections would increase the exchanger length by only 3 mm
for 1 mm thick disks.

Experimental data are presently not available on the
various inlet, outlet, and body temperatures for the dis-
crete exchangers, so no comparison can be made between
experimental and calculated performance of one discrete
exchanger; however, a comparison with experimental
results for a set of heat exchangers is possible. The mini-
mum number of exchangers required to achieve a 7', of 10
mK can vary between four and five for the exchangers
calculated here, though five are required experimentally.
Comparison of experimental and calculated results for
individual exchangers would probably determine why the
calculated results indicate fewer exchangers are needed.
Additional work is in progress which will permit one to
design a more optimum set of discrete exchangers to reach
a desired mixer temperature.
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III. CONTINUOUS EXCHANGER
A. Method of Calculation

Continuous exchangers will be divided into two cate.
gories: ideal and nonideal. The former has sufficiently
small liquid and tube cross sections, such that the heat
conducted parallel to the flow is negligible compared to the
total heat transferred; i.e.,

A

z

J Lnng

«1,

where L is the total length of the continuous exchanger.
The index j is summed over ¢, d, and b which refer to the
concentrated stream, dilute stream, and body, respectively.
However, the heat capacity Cp should best be given a value
equal to Cq. The inequality above can be written as

BiA; |

«1, 1)

|

where B,=«;/C;. The term B; is a weak function of
temperature and can be approximated by

=

7 L?’Ls

B;=~4X107% moles-cm™-sec™!

for both the dilute and concentrated liquids. For channel
sizes the order of 30 u, B, is reduced by a factor of only !
about 2 due to boundary effects on x4 For the ideal con-
tinuous exchanger, the conductivity terms in Eq. (1) are |
neglected. ‘

A continuous exchanger for which Eq. (12) is not trueis ;
considered nonideal. The value of the term on the left side ’

of Eq. (12) can serve as a crude approximation to the
deviation from the behavior of the ideal continuous ex
changer, provided the term is still somewhat smaller than
1. The exact behavior in the nonideal case can be found
only by solving Eq. (1) with all terms included.

The behavior of an exchanger with no heat conduction
along the tube walls is found when the differential Egs. (1.)
for Ty and T. are solved simultaneously. This solution &
subject to the condition that the net heat to the inter
mediate wall is zero at all points along the exchanger. That |

£

is,

£

Te Ty '

o [4L e PO g
dx §

Ty Pe dx Jry pa

This can be integrated analytically when p; is given b‘ ‘\
Egs. (2a) and (3) and the result can be solved for 7' Ths
integral can be done analytically when p, is given by Eq
(2b), but the integrated equation must be solved for Tyby
iteration.

The solution at the mixer end of the exchanger is subjec
to the condition

[Hd(Td)]solubility curvezQ/n3+HC(T00); (14)

(!
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ghere the first term is the dilute solution enthalpy on the
Solubilit)' curve, ¢ is the heat into the mixer due to
thermal leakage and experimental heat loads, and the last
jerm 15 the enthalpy of the pure *He entering the mixer.
Equation (14) is satisfied by iterating the problem with

respect to T do-

B. Results and Discussion

particular emphasis is given in this work to the small
Jiameter coaxial tube exchangers. Since the tube diameters
used in coaxial heat exchangers are generally quite small,
the exchanger can almost always be considered ideal. The
it side of Eq. (12) is usually the order of 10~* for both
1iquid streams and even less than 10— for both the tube
walls. Since data are not available for the boundary
resistance between the liquids and stainless steel or Cu-Ni
tubing generally used in coaxial tube exchangers, it is
assumed that the heat transfer surfaces have the boundary
resistance of copper given by Egs. (2a), (2b), and (3). In
addition, it is assumed that no temperature gradients exist
in a direction transverse to the flow in either stream or in
the intermediate tube and that there is negligible con-
ductivity in the tube walls parallel to the flow.

Calculations have been done for a heat exchanger 1 m
long consisting of a 2 mm 0.d.X0.1 mm wall and 2 1 mm
0.d.X0.1 mm wall tube, and a 1.5 m long exchanger of a
1.20 mm 0.d.X0.076 mm wall and a 0.4 mm o0.d.X0.076
mm wall tube. These sizes are typical of heat exchangersin
current use. Conductivity effects in these exchangers are
negligible at normal flow rates. However, it is of interest to
compare the deviation predicted by Eq. (12) with the
rigorous result found from a solution of Eq. (1) with and
without conductivity terms. Only conductivity in the
dilute liquid was considered, since including conductivity
in both streams complicates the problem considerably and
gives little additional information, as the concentrated
stream conductance is usually much smaller. The value for
#g used in Eq. (1) is given by

kq=(4.437 ;770-954-4 87 X 1037 ;-8

—2.2><1o2)< eV > (15)

cm-K

where T'isin degrees Kelvin. This expression approximately
fits the data of Abel ef al.1314 interpolated to the proper
toncentration, This conductance in the dilute stream for
the 1 m long exchanger raises the mixer temperature by
804K at 7,=16 mK when the flow rate is 5X10~°
Moles/sec. This is a deviation of 0.5%, and the value of
0.2% from the left side of Eq. (12) is in rough agreement.
InCreasing the cross sectional area of the dilute stream by
2 factor of 100 increases the actual deviation to 149
“mpared with 209, from Eq. (12).

200
I

100 — —

Tm, mK

oc/h3, 108 cm? s /mol

F16. 7. Minimum mixer temperature T, as a function of the
concentrated stream surface area o, divided by He flow rate ng for
an ideal continuous heat exchanger. The solid curve is for the Kapitza
resistivities, p. and p4, the same as for copper. The dashed and broken
curves are for both p. and pa reduced by the factors 1.8 and 20/3,
respectively. The still temperature T is 0.7 K and o4/0,=1.6. At
the Jow temperature end, the curves behave nearly as T, « (g0/75) 72
©O—Anderson; [0—Wheatley.

In Fig. 7, the minimum mixer temperature, assuming
zero heat leak, that can be reached using an ideal continu-
ous heat exchanger, is shown as a function of the quantity
o./Ms, where o, is the total heat transfer surface in contact
with the concentrated stream. The ratio o4/0, is 1.6, where
oq is the total dilute side heat transfer surface, but there is
little sensitivity to this ratio in the range 1-2 because p. is
the dominant resistivity. When the ratio is 2, T'» is about
19, less and for a ratio of 1, 7', is about 49 higher; thus,
increasing only g is of little value in trying to reduce 7.
The curve of 7'; as a function of «x is similar in shape to the
curve of T, as a function of ¢/7s.

Mixer temperatures obtained by Anderson®? and
Wheatley? using coaxial tube exchangers are shown on
Fig. 7. The error bars indicate uncertainty of 7. Anderson’s
result for T, is higher than the calculated curve. This could
be due to a large heat leak, but more likely it is due to an
actual temperature difference between the mixer and
externally mounted CMN thermometer. Temperatures in
Wheatley’s refrigerator were measured inside the mixer and
are lower than the calculated curve. Such behavior can be
explained if p, has a value which is one-half that used in
this calculation. The value of pa could also be reduced by a
factor of 2 but the results for T, are rather insensitive to
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Tasre IT. Change of calculated value of the mixer temperature
T, for the ideal continuous exchanger when various corrections are
considered. The AT is the change of Ty, from the value determined
with no corrections included.

Type of correction Tm (mK) AT (mK)

No corrections 27.65 0

Conductivity in dilute stream 27.65 0.00
pec is expressed as Eq. (2a) above 0.13 K 27.26 —0.39
C. is for 959 solution instead of pure *He 28.08 +4-0.43
Still temperature is reduced to 0.5 K 27.60 —0.05

pa. The dashed curve in Fig. 7 is for the case of both p,
and ps reduced by a factor of 1.8 from the copper values.
This curve is obtained simply by reducing o./n; of the
solid curve by a factor of 1.8. Reducing p. by a factor of 2.1
and leaving ps unchanged gives the same curve. The dashed
curve fits Wheatley’s measured results well, which suggests
that Kapitza resistance to Cu-Ni is about a factor of 2
lower than it is for copper. Such a difference is not un-
reasonable when one considers the large variations in
Kapitza resistance which have been reported.? All other
corrections or refinements to the calculated curve, which
are discussed below, would either raise the calculated curve
or have a negligible effect on it. Various corrections to the
calculated curve have been determined for a heat ex-
changer made up of 1.0 and 2.0 mm o.d. by 0.1 mm wall
tubing 1 m long. Calculated values of T, for the various
corrections are shown in Table IT. The flow rate is 2X10~°
moles/sec and @ is zero. Unless otherwise specified, the still
temperature is 0.7 K, p. is given by Eq. (2a), pa by Eq. (3),
the specific heats are the same as those discussed above,
and x;=0.

In Table II, the first modification in the computation
takes into account the reduction of the boundary resistance
of the concentrated stream from R« 7% above 0.13 K. In
the second modification, only C. is changed. The calculated
heat capacity of a 959 solution was used instead of the
heat capacity of pure *He. These are the largest corrections
but they essentially cancel each other. Heat conduction
along the streams has no effect and a change in still
temperature has very little effect. Other effects, such as
heat leaks, viscous heating, and higher percentages of *He
circulated, all raise 7.

Anderson ef al? have estimated from experimental
measurements that the boundary resistance between a
plastic material (Epibond 100 A) and pure liquid *He is
3/20 of the value for copper. The broken line in Fig. 7 is
for an exchanger in which both p. and pg are 3/20 of the
copper values. A T, of 10 mK could be obtained with a
modest sized heat exchanger with plastic separating the
streams if p, and pg are indeed this small for plastics. An
Epibond 100 A member between the streams would need to
be quite thin (the order of 0.1 mm) to prevent non-
negligible temperature gradients across it. With large
diameter plastic tubes, the heat exchanger could also serve
as the mechanical support between the still and mixer.
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Before a more detailed comparison can be made betweey
the calculated and experimental performance of the coaxig]
heat exchangers, measurements are required of the Kapitzy
resistances of Cu—Ni and stainless steel tubes as well a5
more experimental data for 7.

In many of the refrigerators presently in operation, the
heat exchangers are either coaxial tube or discrete from the
still to the mixer. Discrete exchangers are generally more
efficient than the coaxial exchanger in terms of heat
transferred per volume of liquid in the exchanger, even
though they are less efficient in terms of heat transferred
per unit surface area. Thus the discrete exchanger, with its
high surface area per unit liquid volume, should always be
used whenever practically possible. The calculations show,
however, that only a 10 cm length of coaxial exchanger
made of the 1 and 3 mm tubing discussed above is sufficient
to cool the incoming *He from 0.7 to 0.2 K at a flow rate of
2% 10— moles/sec. This length of exchanger has a o, of
2.4 cm? A sintered copper powder heat exchanger with a
surface area even as large as 6 cm? would only be a cube
2 mm on a side. The tubes connecting this tiny exchanger
to the still and next exchanger can easily have the same
volume that a coaxial exchanger would have. Hence, at
least from 7.=0.7 to 0.2 K it is much more practical to

Tasre IT1. Enthalpies used in this work for *He in both the dilute
and concentrated (pure *He) streams. The dilute and pure *He
enthalpies are H, and I/, respectively. A constant must be added to
Hfor T,,>0.

T H, Hy/T? I, H, T
(K) (J/moles)  (J/moles-K2)  (J/moles) (J/moles-K?

0.005 0.001340 53.62 0.000313 12,52
0.010 0.005373 53.73 0.001238 12.38
0.015 0.01213 53.92 0.002755 12.24
0.020 0.02167 54.18 0.004844 12.11
0.025 0.03407 54.51 0.007487 11.98
0.030 0.04941 54.90 0.01067 11.85
0.040 0.08932 55.82 0.01856 11.60
0.050 0.1422 56.88 0.02840 11.36
0.060 0.2086 57.93 0.04007 11.13
0.080 0.3820 59.69 0.06842 10.69
0.100 0.6056 60.56 0.1027 10.27
0.120 0.8725 60.59 0.1423 9.879
0.140 1.173 59.84 0.1862 9.499
0.160 1.498 58.52 0.2338 9.132
0.180 1.843 56.87 0.2844 8.777
0.200 2.202 55.04 0.3373 8.433
0.220 2.572 53.14 0.3922 8.103
0.240 2.951 51.23 0.4485 7.786
0.280 3.726 47.52 0.5643 7.198
0.320 4.516 44.11 0.6834 6.674
0.360 5.318 41.03 0.8053 6.214
0.400 6.127 38.29 0.9300 3.812
0.450 7.149 35.31 1.090 5.381
0.500 8.182 32.73 1.253 5.014
0.550 1.421 4.699
0.600 1.590 4.431
0.650 1.769 4.187
0.700 1.949 3.978
0.750 2.133 3.793
0.800 2.322 3.628
0.900 2.713 3.349
1.000 3.124 3.124




- ea simple coaxial tube exchanger such as Ehnholm et al.*
s

have done. . . .o
The uncertainties of the specific heats of the liquids are

gmall as a few percent. The conductivities of the liquids
ase not known nearly so accurately, but in most cases the
ﬂiact values of the conductivities are not critical. The
;nductances are so large in the low temperature discrete
exchangers senerally used that the exact value is unim-
portant since the liquid in the exchanger is nearly uniform
in temperature. The dominating uncertainties in the
calculations are the magnitudes of the Kapitza resistivities.
There is only” one measurement of the copper-dilute solu-
tion resistivity.® There are two measurements of the
copper-"He resistivity'>? which essentially agree. Ander-
qon®® reports that the Kapitza resistivity is a factor of 4
Jower for oxidized copper surfaces than it is for surfaces
peated in a hydrogen atmosphere. This report, plus the
wide variation of *He boundary resistivities” reported in
the literature, indicate that p. and p; could vary widely.
However, at present it is not known to what extent the
Kapitza resistivities of actual heat exchanger surfaces
might vary from those used in these calculations.

More calculations are in progress to determine the
optimum sizes for discrete exchangers operating at low
temperatures.
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APPENDIX

The analytic expressions used in this work for the 3He
specific heat, C'y, in the dilute side of the heat exchangers
are

C4=107.1674-6.1X 10373 —3.595619965 X 10573
—1.007454504 X 108774-1.755839768 X 10107
~1.06390240 X 102711 4-2,273119224

X107 J/moles-K, (7<0.12 K);
and

Ca=—6.250523127+300.6200772T7 —1.467577784
X10°724-3.842834281 X 10°T%—5.571748599
X10°T44-1.2081268534 X 10°T5—1.281475180

X10°T% J/moles-K, (0.12<T<0.5 K).
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The above expressions are valid for a mixer temperature of
0 K, but for a mixer temperature of 20 mK the maximum
error is still less than 29,. The enthalpy of the dilute
stream for 7', =0 is given by

T
Hy= / CadT. (A1)
0

The enthalpy H. of the concentrated stream is just that of
pure *He as tabulated previously by Radebaugh.!s Values
of Hy, Hy/T? H., and H./T? for several temperatures
should be useful in heat exchanger calculations and are
listed in Table ITI. All the enthalpies are for 1 mole of *He
in solution. For 7',,>0, the integration in Eq. (A1) is from
T, to T, and a constant equal to the enthalpy on the solu-
bility curve!® must be added.
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